The ground-state magnetic response of fullerene molecules with up to 36 vertices is calculated, when spins classical or with magnitude s = 1 2 are located on their vertices and interact according to the nearest-neighbor antiferromagnetic Heisenberg model. The frustrated topology, which originates in the pentagons of the fullerenes and is enhanced by their close proximity, leads to a significant number of classical magnetization and susceptibility discontinuities, something not expected for a model lacking magnetic anisotropy. This establishes the classical discontinuities as a generic feature of fullerene molecules irrespective of their symmetry. The largest number of discontinuities have the molecule with 26 sites, four of the magnetization and two of the susceptibility, and an isomer with 34 sites, which has three each. In addition, for several of the fullerenes the classical zero-field lowest energy configuration has finite magnetization, which is unexpected for antiferromagnetic interactions between an even number of spins and with each spin having the same number of nearest-neighbors. The molecules come in different symmetries and topologies and there are only a few patterns of magnetic behavior that can be detected from such a small sample of relatively small fullerenes. Contrary to the classical case, in the full quantum limit s = 1 2 there are no discontinuities for a subset of the molecules that was considered. This leaves the icosahedral symmetry fullerenes as the only ones known supporting ground-state magnetization discontinuities for s = 1 2
there are no discontinuities for a subset of the molecules that was considered. This leaves the icosahedral symmetry fullerenes as the only ones known supporting ground-state magnetization discontinuities for s = 1 2 . It is also found that a molecule with 34 sites has a doubly-degenerate ground state when s = 
I. INTRODUCTION
The antiferromagnetic Heisenberg model (AHM) has been extensively investigated when describing the interactions of spins located at the vertices of low-dimensional frustrated topologies [1] [2] [3] [4] [5] [6] [7] . One such case are fullerene molecules, which are zero-dimensional [8] [9] [10] [11] [12] [13] [14] [15] . Their low energy spectrum includes non-magnetic excitations inside the singlet-triplet gap, and their specific heat has a multi-peak structure as a function of temperature. Furthermore, they have a number of ground-state magnetization discontinuities in an external field at the classical and quantum level, even though such discontinuities are normally expected from Hamiltonians possessing magnetic anisotropy, which energetically favors certain directions in spin space.
Fullerene molecules are molecules of carbon that consist of a fixed number of 12 pentagons, and a number of hexagons which varies with the number of vertices N as N 2 − 10 [16] . The polygons share edges while each vertex is threefold coordinated. Due to the presence of pentagons the molecular topology is frustrated [17, 18] , as even an isolated pentagon can not have antiferromagnetically interacting nearest-neighbor classical spins on its vertices pointing in antiparallel directions in its lowest energy configuration. The reason is the odd number of vertices and the closed boundary conditions. Since the pentagons are the source of frustration, it decreases on the average with N .
Perhaps the most representative fullerene molecule is the truncated icosahedron [19] [20] [21] [22] [23] [24] [25] , which has the spatial symmetry of the icosahedral group I h [26] . The truncated icosahedron becomes superconducting when doped with alkali metals [27] . From a theoretical point of view, a first approximation has three of each carbon atom's valence electrons forming three σ-bonds using sp 2 hybrid orbitals, with the fourth valence electron delocalized. In this way each carbon has one active radial p-orbital. When the nearest neighbor Hubbard hopping t is much weaker than the long-range Coulomb or the on-site Hubbard repulsion U [1, 2] , there is essentially one electron in each orbital and the nearest-neighbor interaction is antiferromagnetic [8] . According to estimates of the on-site repulsion for the truncated icosahedron the molecule belongs to the intermediate U regime of the Hubbard model [28, 29] . A first approximation is to consider the large U limit of the Hubbard model, the AHM, in order to calculate the influence of the frustrated connectivity on the magnetic properties.
For I h -symmetry fullerene molecules the classical lowest energy configuration of the AHM has been found to have two magnetization gaps in an external field, the only exception being the smallest member of the class, the dodecahedron [30] [31] [32] , where it has three [8, 10, 11] . Such discontinuities are unexpected for a model lacking magnetic anisotropy, and originate in the frustrated connectivity of the molecules. In the opposite limit where the individual spin magnitude s = 1 2 and 1, the dodecahedron has respectively one and two ground-state discontinuities in a field [10] . A high-field magnetization gap in the ground state was established to be a common feature of the I h fullerenes for s = 1 2 [11] , while relatively small fullerene molecules of other symmetries have only pronounced magnetization plateaus in the full quantum limit [12] . It is noted here that further evidence for the validity of the AHM as a good description of the Hubbard model for the I h fullerenes was found in numerical calculations of the on-site repulsion U , which is stronger for the dodecahedron than the truncated icosahedron [33, 34] .
The classical ground-state magnetic response within the framework of the AHM has also been calculated for fullerene molecules resembling capped carbon nanotubes [14] . In this case the magnetic response depends on the nanotube chirality and the spatial symmetry. Armchair carbon nanotubes which are capped with nonneighboring pentagons and have D 5d spatial symmetry possess a number of magnetization discontinuities which increases with their size. This occurs even though the only source of frustration are two groups of six pentagons located at the ends of the molecules, which furthermore become more strongly outnumbered as the clusters are filled in the middle with more unfrustrated hexagons with increasing size. For the cluster with 180 vertices there are already seven magnetization and one susceptibility discontinuities. Contrary to that, similar molecules with the slightly different D 5h spatial symmetry reach a limit of one magnetization and two susceptibility lowest energy configuration discontinuities. Fullerene molecules resembling zigzag carbon nanotubes capped by neighboring pentagons also reach a fixed number of discontinuities with their size.
The above results demonstrate strong correlations between spatial symmetry and magnetic response for fullerene molecules. Such correlations have also been found between the dodecahedron and the icosahedron [10] , both of them being Platonic solids [35] , with the latter the smallest cluster with I h symmetry which is however not a fullerene and is made up only of triangles [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] . It is noted here that the inclusion of higher-order exchange terms significantly enhances the discontinuous magnetic response [47, 48] .
Motivated by the rich magnetic properties of the different topology families of fullerene molecules, in this paper we calculate the ground-state magnetic response of molecules with N ≤ 36. These are the most accessible molecules with respect to computational requirements. Discontinuities in the magnetization and the susceptibility are sought after, as well as correlations between cluster topology and magnetization response. This is first done for all the molecules with N ≤ 36 for classical spins, which are mounted on the vertices of the molecules and interact according to the AHM. For some of the molecules the calculation is repeated for s = Due to the smallness of N the 12 pentagons are never isolated, enhancing the effect of frustration. It is found that the small fullerenes support classical ground-state magnetization and susceptibility discontinuities, providing solid evidence that the zero-temperature discontinuous magnetic response is a generic feature of fullerene molecules irrespective of spatial symmetry at the classical level of the AHM. Again, this is something not expected in the absence of magnetic anisotropy, with the origin of the discontinuities lying in the frustrated connectivity of the molecules. Two of them possess the most discontinuous classical response, with the first having N = 26 and a magnetization curve with four magnetization and two susceptibility ground-state jumps. The second is an isomer of N = 34 that has three jumps of each type. Comparing the number of discontinuities with the corresponding numbers for the I h -symmetry and the nanotube-type molecules [10, 11, 14] , the N ≤ 36 fullerenes can have the most discontinuous classical magnetic response, taking the cluster size into account. Another consequence of frustration is that for many molecules the classical ground state has finite magnetization in zero field, something unexpected for an even number of spins interacting antiferromagnetically and where each spin has the same number of nearest-neighbors. This is a purely classical effect, as a quantum system would have a degenerate ground state and no net magnetization. Small fullerenes come in different symmetries and topologies and there are only a few patterns of magnetic behavior that can be detected from such a relatively small sample. This is in contrast to the fullerenes families mentioned earlier which share the symmetry and topology. Larger clusters with the same symmetries with the N ≤ 36 clusters can provide more insight on correlations between magnetic response and topology. The paper provides more evidence that fullerene molecules generically support discontinuous ground-state magnetic response, as the classical discontinuities are expected to survive at least for high s. Such magnetic behavior shows the possibility of fabricating small entities of the molecular nanomagnet type that can be tuned between well-separated magnetization values by weak variations of an external field.
The s = 1 2 ground-state magnetic response was calculated for five of the N ≤ 36 molecules. No magnetization jumps were found but only magnetization plateaux, which is in agreement with the available results for six other small fullerene molecules [12] , showing that the quantum fluctuations work against the classical discontinuities. Similarly to the classical case, there is no pattern of magnetic behavior that can be detected. It is concluded that the fullerenes with icosahedral symmetry are the only ones known supporting ground-state magnetization discontinuities for s = 1 2 . It is also found that the 6th isomer of N = 34 has a doubly-degenerate ground state. This was also the case for the T d isomer of N = 28. These two clusters have the biggest zero-field magnetization in the classical case. They point to the fact that small structural distortions can reduce the symmetry and weakly split the ground-state doublet, something reminiscent of single molecule magnets [49] , which have been proposed as potential qubits in quantum computers [50] .
The plan of this paper is as follows: Section II introduces the model, while Sec. III describes the classical lowest energy configuration in zero field and the classical magnetization response in an external field. Section IV presents the results for s = 1 2 , and Sec. V the conclusions.
II. MODEL
The fullerene molecules with N ≤ 36 are shown in Ref. [16] . They are distinguished by N and by an index characterizing the different isomers. The Hamiltonian of the AHM for spins s i and s j mounted on the vertices i, j = 1, . . . , N of the fullerene molecules is
J is the strength of the exchange interaction, which is set to 1, defining the unit of energy. < ij > indicates that interactions are limited to nearest neighbors. The magnetic field has strength h and is taken to be directed along the z axis. In Hamiltonian (1) the minimization of the exchange energy competes with the one of the magnetic energy, with the frustrated topology of the molecules playing a very important role.
At the classical level, numerical minimization of the Hamiltonian gives the lowest energy and the corresponding spin configuration as a function of h [5, 8, 10, 11, 13, 14, 37, 47, 48, 51, 52] . Each spin s i is a classical unit vector defined by a polar θ i and an azimuthal φ i angle. A random initial configuration of the spins is chosen for a specific h and each angle is moved opposite its gradient direction, until the minimum of the energy is reached. Repetition of the procedure for different initial configurations ensures that the absolute lowest energy configuration is found for every h.
In the quantum-mechanical case the Hamiltonian is diagonalized according to its spatial and spin symmetries [4, 10-13, 37, 52-54] . Then a characterization of the eigenstates according to their symmetry properties is possible, together with the minimization of memory requirements for diagonalization. Hamiltonian (1) commutes with the total spin S and its projection along the z axis S z , and the method for the symmetry characterization of the eigenstates is most easily carried out within each individual S z sector. Hamiltonian (1) is symmetric under combinations of spin permutations that respect the connectivity of a cluster. The group of permutations is the symmetry group of the cluster in real space [26] . Hamiltonian (1) also posseses time-reversal symmetry, and invertion of the spins is a symmetry operation in the S z = 0 sector. The corresponding group is comprised of the identity and the spin inversion operation. The full symmetry group of the Hamiltonian is the product of the real space and the spin inversion group. Taking the full symmetry into account, the S zbasis states can be projected into states that transform under specific irreducible representations of the full symmetry group. In this way the Hamiltonian is block diagonalized into smaller matrices characterized by symmetry, and simultaneously the maximal matrix dimension is dramatically reduced compared to the full S z -subspace size. Then Lanczos diagonalization in all the irreducible representations produces by comparison the lowest energy in every S z sector, and the magnetization response in a field is calculated. Comparison of the lowest energies in the different S z sectors enables the characterization of the corresponding eigenstates by S. It is noted that degeneracies are reported with respect to multiplets of eigenstates with a specific value of S, and that each of these multiplets corresponds to a number of 2S + 1 eigenstates, each having a different S z value.
III. CLASSICAL SPINS
A. Zero Magnetic Field Table I lists the zero-field ground-state energy per spin Eg N of Hamiltonian (1). It decreases on the average with N as also seen in Fig. 1 , as the number of hexagons increases and frustration on the average decreases.
Eg N approaches more closely with N the value − 3 2 , the one of the hexagonal lattice. Table I also lists the zero-field ground-state magnetization per spin Mg N . This is generally expected to be zero for antiferromagnetic interactions in the absence of a field, especially since fullerene molecules have even N and each spin has the same number of nearest-neighbors. On the contrary, many molecules have finite zero-field magnetization, showing again the importance of the frustrated fullerene topology and its lack of bipartiteness. A residual magnetization relates to a magnetized entity even in the absence of a field. As the dodecahedron has been shown to have enriched magnetic response in the presence of intermolecular interactions without having zero-field magnetization [13] , it would be of interest to examine the behavior of interacting collections of fullerene molecules with Mg N = 0. Their magnetization could demonstrate even-odd effects, as is the case with an open spin chain [51, 52] , but here in the number of molecules and on top of the isolated molecule properties.
The clusters with finite zero-field magnetization possess in general the lowest symmetry among their isomers, while for N = 34 all isomers have residual magnetization. The N = 28 cluster with T d symmetry (Fig. 1(c) in Ref. [12] ) has the largest value of Mg N . In Ref. [12] it was shown that it has a doubly-degenerate ground state for s = 1 2 as well as quite a small singlet-triplet gap, indicating that the large residual magnetization leaves its fingerprint down to low s. Along the same lines in the same reference it was shown that the singlet-triplet gap of the N = 26 molecule (Fig. 1(b) in Ref. [12] ) is quite bigger, while here its classical residual magnetization is found to be roughly an order of magnitude smaller than the one of the N = 28 molecule with T d symmetry. The correlation between large classical residual magnetization and small singlet-triplet gap is further supported by the results of Sec. IV, by the N = 34 cluster with C 3v symmetry that has the second largest zero-field magnetization and the 3rd isomer with N = 30 which also has a significant finite Mg N .
The vertices of the fullerene molecules are threefold coordinated and participate in three different polygons, which can be pentagons and hexagons. The only molecule where all vertices and consequently the spins mounted on them are equivalent is the dodecahedron (N = 20) , which consists only of pentagons. In general each spin can belong to a number of pentagons ranging from three down to zero. Fig. 2 shows the unique nearest-neighbor correlations in the zero-field ground state ( s i · s j ) g . For the N = 20 molecule there is only one unique nearest-neighbor correlation due to the equivalence of its sites. In general the correlations become more antiferromagnetic the less pentagons and more hexagons the spins belong to. The reason is that an isolated pentagon is frustrated, in contrast to the unfrustrated isolated hexagon. There are only some exceptions where nearest-neighbors solely belonging to pentagons develop very strong antiferromagnetic correlations. Table I lists the saturation field h sat of the N ≤ 36 fullerene molecules, which increases on the average with N . This is because the number of hexagons increases with N and since they are unfrustrated they support stronger antiferromagnetic nearest-neighbor correlations, as already seen in Sec. III A, which necessitate a stronger field to align all the spins along its direction. Fig. 3 plots the magnetization and susceptibility ground-state discontinuities in an external field, listed in Tables II and III . The widths of the magnetization gaps are plotted in Fig. 4 . The results for the dodecahedron (N = 20) have already been presented [10, 11] . A common pattern is that most of the discontinuities occur for fields small or close to saturation, which has been explained by the stronger sensitivity of the pentagon spins to the field, originating in the frustrated nature of the pentagons [14] . This results in weaker zero-field antiferromagnetic correlations within the pentagons in comparison with the hexagons, as already seen in Sec. III A. The largest number of discontinuities have the N = 26 molecule, four of the magnetization and two of the susceptibility, and the second N = 34 isomer, which has three each.
B. Magnetization Response
It is not obvious how to determine the number of discontinuities for a specific cluster without doing the full numerical calculation. Patterns of magnetic behavior have been detected for fullerene molecules belonging to specific spatial symmetry and connectivity subsets, like molecules with I h symmetry or armchair and zigzag nanotube-type molecules capped at their ends with pentagons [10, 11, 14] . Here N is relatively small and such an insight could be possible when the calculation is extended to bigger molecules that are structural relatives of the N ≤ 36 clusters. Still, since the frustrated pentagons outnumber the hexagons when N is small their influence is stronger in comparison with the case of bigger molecules and more discontinuous magnetic response is expected. Common magnetization patterns can still be detected in some cases.
A common pattern of magnetization in an external field has been demonstrated for the family of fullerene molecules that have the shape of (5,0) zigzag carbon nanotubes and are capped at their ends with six neighboring pentagons, which form one half of a dodecahedron [14] . These molecules have a number of vertices which is a multiple of 10, having D 5d symmetry when it is an even and D 5h symmetry when it is an odd multiple of 10 [16] . The first isomer with N = 30 ( Fig. 1(d) in Ref. [12] ) is the smallest member of this family with D 5h symmetry, having also a low-field magnetization and a high-field susceptibility discontinuity whose corresponding magnetic fields fit with the ones of the rest of the family (Tables II and III , and Fig. 7 in Ref. [14] ). The body of the nanotube is minimal as it is formed by a single row of hexagons. The dodecahedron is the smallest member of this family, and has the special property that the complete lack of hexagons forces the two caps to share some of their spins. This results in a higher symmetry, described by the I h group, and three magnetization discontinuities (Table II and Refs. [10, 11] ). This shows according to the previous paragraph that when the pentagons are brought in closer contact with each other a more discontinuous response emerges with respect to the bigger clusters of the family.
Another family of fullerene molecules resembling carbon nanotubes has the form of a (6,0) zigzag nanotube capped at both ends by a closed ring of six adjacent pentagons forming a hexagon in the middle [16] . N is a multiple of 12 and there is a 6-fold rotational symmetry axis, with the symmetry being D 6d when N is an even and D 6h when N is an odd multiple of 12. The smallest two molecules of this family are the N = 24 cluster ( Fig.  1(a) in Ref. [12] ) and the 15th isomer with N = 36, which only have a high-field susceptibility discontinuity (Table III) . Similarly to the first isomer of N = 30, for the N = 36 isomer the nanotube body is the smallest possible, formed by a single row of hexagons. The N = 24 cluster is similar to the dodecahedron, being the limit where there is no nanotube body and the two caps share some of their spins.
Finally isomer 1 of N = 32 and isomers 10 and 11 of N = 36 have the same magnetization response pattern, with two low-field and one high-field susceptibility discontinuities. The symmetry of these clusters is C 2 .
IV. QUANTUM SPINS
The ground-state energy per spin when s = 1 2 is listed in Table IV for five of the N ≤ 36 fullerene molecules. As in the classical case it decreases on the average with N with frustration getting weaker. This was also the case for six other small fullerene molecules [12] .
The lowest lying level of Hamiltonian (1) in each S sector along with its symmetry properties is listed in Table  V for the five fullerene molecules, while their groundstate magnetization response is plotted in Fig. 5 . There are no magnetization discontinuities but only magnetization plateaux, unlike the classical case. This shows that quantum fluctuations work against jumps, with the I h fullerene molecules the only ones known supporting magnetization gaps at the full quantum limit [10, 11] . Similar results have been found for the other six small fullerene molecules [12] .
The N = 34 cluster has a doubly-degenerate ground state, as was also the case for the T d isomer of N = 28 [12] . Even though the ground-state degeneracy can be found analytically only for the very limited number of Lieb-Mattis systems, from the point of view of experience a doubly-degenerate ground state is still something unexpected. These two clusters have the largest residual classical ground-state magnetizations (Table I) . Two other clusters with residual magnetizations which however have a non-degenerate ground state when s = 1 2 are the N = 26 cluster [12] and the third isomer with N = 30. It is of interest to examine if other fullerene molecules with a finite zero-field classical ground-state magnetization have a degenerate quantum-mechanical ground state. In such a case it could be possible with a weak spatial symmetry breaking generated by a structural distortion to weakly split the ground-state doublet even in the absence of magnetic anisotropy. In the case of single molecule magnets a strong magnetic anisotropy along with a tunneling term generates an almost degenerate low-lying doublet [49] , and single molecule magnets have been proposed as potential qubits in quantum computers [50] .
V. CONCLUSIONS
The AHM has been considered for fullerene molecules with N ≤ 36, which belong to various symmetry groups [16] . At the classical level the ground-state magnetic response has many magnetization and susceptibility discontinuities, as many as six in total for a single molecule. This demonstrates that the discontinuities are a generic feature of the fullerene molecules irrespective of their size and symmetry, originating in the frustrated pentagons. Frustration also supports a finite zero-field ground-state magnetization for many molecules, something unexpected for antiferromagnetic interactions between an even number of spins which furthermore have the same number of nearest-neighbors. For s = 1 2 only magnetization plateaux and no discontinuities are found for five of the molecules. This leaves the icosahedral symmetry fullerenes as the only ones known supporting magnetization discontinuities at the full quantum limit [10, 11] . One of the molecules has a doublydegenerate ground state. Few symmetry patterns in the classical magnetic response are found for these relatively small and highly frustrated molecules. An extension of the investigation to bigger molecules is needed to fully determine the fullerene ground-state magnetization response, as well as to clearly identify its symmetry patterns [10, 11, 14] . as a function of N ( Table I ). The different isomers are specifically numbered for each N . The different isomers are specifically numbered for each N . The (black) circles show correlations between spins belonging only to pentagons, the (red) squares between a spin belonging only to pentagons and one belonging to two pentagons, the (green) diamonds between spins belonging to two pentagons, the (blue) up triangles between a spin belonging to two and a spin belonging to one pentagon, the (brown) left triangles between spins belonging to one pentagon, the (violet) down triangles between a spin belonging to one pentagon and a spin that belongs only to hexagons, and the (cyan) right triangles between spins that belong only to hexagons. (Table  II) , and the (red) squares to the susceptibility discontinuities (Table III) . (Table II) for classical spins. The different isomers are specifically numbered for each N . The (black) circles correspond to the first magnetization discontinuity for each molecule, the (red) squares to the second, and the (green) diamonds to the third. 
